INTRODUCTION
This paper proposes a method of simulating pulsed pressure waves in attenuative fluids as typically exist in biological medium. The numerical algorithm is based upon an explicit time domain formulation which is capable of determining the form of an acoustic wave as it evolves in both time and space.
Typically in continuum systems damping is accounted for in plane waves by including the factor e-CiZ with the propagation terms. Hence a damped plane wave p(z, t) propagating in the z direction is described by p(z, t) = Poe-QZ cos (wt -kz) (1) where w is temporal frequency, t is time, k is the wavenumber and z is the direction of propagation. In low frequency electromagnetic systems 1/0. is often referred to as the skin depth which quantifies how far a wave can penetrate a medium before significantly dissipating. Research has indicated that in viscous fluids, see [1, 3] , 0. has a power law frequency dependency of the form (2) where I I denotes the absolute value operator, 0.0 is a material dependent constant and y is usually a non-integer between 1 and 2. Because of this form of attenuation it can be proven using causality theorems that pulsed waves must also dispersed or otherwise distorted. By definition dispersion occurs in wave propagation systems when the wave velocity has a nonlinear dependency on frequency. Although more difficult to detect, phase velocity versus frequency has been verified experimentally by Madsen et al [4] , Lee [3] and Szabo [2] . The exact form of the dispersion can be determined with the Kramer-Kronig relations as demonstrated in [2] . The effect of this dispersion on pulses is to shift the time of flight of the signal as well as distort the initial pulse. The relative shift in the time-of-flight will depend on how far the pulse has travelled as well as the degree and the from of the attenuation. In some cases this phenomena can be used to characterize materials by relating the average pulse velocity to viscosity.
Both dispersion and attenuation can be modelled in the wave equation via a complex propagation constant k(w) for which both the real and imaginary parts are nonlinearly related to w. In this paper we present a 3D numerical model which incorporates power law attenuation and the associated form of dispersion as found in [2] and which can predict the pressure pulse distortion for arbritrary boundary constraints.
FORMULATION
The wave equation for pressure fields P in a compressible fluid with a density of po(r) is
where r is the spatial dependent variable. Attenuation can now be included by defining a complex wavenumber k(w) whose imaginary part accounts for dissipative effects such that
U sing Fourier transform analysis one can show that the wavenumber of (4) pertains to non-causal wave solutions and are therefore inconsistent with the real world. To make the system causal and retain the same form for a(w), the phase or real part of k must be modified such that
with {3o = ~ and (3'(w) representing a nonlinear function of w. The correct choice of (3'(w) will cause the higher frequencies to propagate faster and compensate for the attenuative term.
The form of the nonlinear phase is derived by enforcing causality conditions on the system response e-jk(w)z for which it has been determined that if y is a noninteger [2] .
The results of and (6) are accurate only if the so-called smallness approximation given as ( aoCow F-1 « 1 is satisfied. Assuming that the wavenumber is identical whether in 1, 2 or 3 dimensional space we insert k(w) from (5) into (3) where several terms are
Obtaining analytic inverse transforms of the modified wave equation is complicated by the presence of terms of the form
j Iwl Y P(r,w) and Iwl Y P(r,w)
Instead of seeking continuous time differential operators and finite difference approximations we map the frequency domain equations into the Z domain from which a discrete system is naturally defined.
NUMERICAL ALGORITHM Analogous to the Laplace Transform of time signals, Z tranform (ZT) is a representation of discrete time signals p(r, mJt) in the complex discrete-time frequency or Z domain. The Z tranform pair is defined as in which
and TO is the radius of a circle in the complex Z plane.
One method of mapping continuous time into discrete time systems is to combine the ZT property of 
This equation can be mapped into the Z domain based on the fact that for both w < 0 and w > 0 the first order dispersion terms combine into a single term as
Cosm (y-l)%
Incorporating finite element discretization procedures on the spatial operators, one obtains an algebraic system of equations descriptive of the spatial variation of P( w)
and which is given in matrix form
The w 2 term represents a second order time derivative and is converted to discrete time with the second order backward difference approximation. The discrete time version of the dispersive term in (20) is obtained via the mapping of (16) such that
The function containing the fractional power Yl = Y -1 can be replaced by a power series expansion of the form
Limiting this power series to N terms, inserting the expansion into (21) and multiplying out the factors one obtains
where the Y" factors depend only on the power law exponent y. By employing (13) this expression is readily transformed to discrete time such that 
Rearranging terms results in the final form
The implementation of (26) is based on procedures developed in [5] for the lossless wave equation. The stiffness matrix can be compressed by storing only unique rows where the number of unique rows is drastically reduced if a uniform rectangular grid is used for the spatial discretization. Thus the form of the implementation will be similar to a finite difference scheme for both time and space.
The main storage concern then becomes saving the pressure vector {p} at the 
gives an attenuation of a(w) = 1.26Np/cm = 10.9dB/cm or a skin depth l/a = .8cm with y = 1.6 for the lossy case. The signal is recorded along the acoustical axis at 4 mm and 8 mm from the source. Three cases are studied: they are 3, 5 and 7 terms in the power series meaning 5, 7 and 9 time steps are required for the recursive updating. Figure 2 compares the pressure response in both lossy and loss less materials in both time and frequency. As expected the lossy signal widens corresponding to a frequency shift. Its arrival .051lSec ahead of the lossless signal indicates anomalous dispersion. The numerically determined anum (w) is compared to aanal(w) = aolwl Y in Figure 3 . These figures indicate that thus far the proposed algorithm overestimates the amount of disperion while underestimating the attenuation value. The next section addresses the possible causes and minimizations of errors.
The relative accuracy of the algorithm as a function of power law exponent, y, is evident from Figures 3, 4 and 5. In these plots the exact and numerically determined a(w) are compared for y = 2 Figure 4 , y = 1.8 Figure 5 , y = 1.6 Figure   3 . Note that when y = 2 there are only two terms in the power series expansion (22). As seen in Figures 5, and 3 , the agreement between the numerical predictions and the actual power law deteriorates as y approaches 1.
SUMMARY .
This paper extended power law attenuation properties from the frequency domain into the time domain. Since no equivalent time domain differential equation exists, a mapping into the discrete-time via discrete-time frequency is performed. In this way, noninteger exponents can be eliminated via a power series expansion which permits the representation of discrete time operators. The developed numerical algorithm is tested through comparison with the exact power law. 
